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ABSTRACT 
 
This paper describes a new implementation of a vortex lattice 
method based on modified lifting line (VLML) for ship propeller-
rudder. Method has been employed to estimate hydrodynamic 
performance and flow fields, for design and analysis. For this 
purpose, the results obtained using theoretical model are validated 
against experimental data, carried by Tamashima et al. [18], 
concerning to propulsor system. Comparison of these results 
indicates good agreement with those of the experimental data. 
Therefore the method can be used as a fast tool for preliminary 
design and analysis. 
 
KEY WORDS: Vortex Lattice Method; Hydrodynamic 
Performance; Propeller-Rudder.  
 
 
NOMENCLATURE 
 Vortex Strength            ߁
 Ԧ             Unit Vector Tangent to Vortexݏ
  Ԧ             Distance Vectorݎ
݈݀           Differential Element of Length along the Vortex Line 
 ௔           Axial Forceܨ
 ௧           Tangential Forceܨ
௔ݑ

כ           Axial Induced Velocity 
௧ݑ

 Tangential Induced Velocity          כ
߱           Rotational Velocity of Propellers 

 Radius of Blade’s Element           ݎ 
߮           Blade Pitch Angle 
 ௜௡        Hydrodynamic Pitch Angleߚ
 ఠ         Pitch Angle of The Helical In The Wakeߚ
 ௖           Control Point Radiusݎ
 ௩           Vortex Point Radiusݎ
 ௅          Lift Coefficientܥ
ܶ           Thrust 
ܳ           Torque 
ܼ           Number of Blades 
 Advanced Coefficient            ܬ
 Thrust Coefficient         ்ܭ
 ொ         Torque Coefficientܭ
 Efficiency            ߟ
 
 
1.0 INTRODUCTION 
 
Propellers work as the whole or the main part of the propulsion 
systems of marine vehicles, thus the prediction and the 
calculation of the propulsor performance is a momentous matter 
for hydrodynamic specialist and designers; because, these 
calculations and predictions play important roles in achieving the 
favorable design speed of vessels with the lowest consumption of 
energy. 

For this purpose, considerably improvements have been 
fulfilled during the past decades, thus, several methods are 
available based on different levels of sophistication, each of them 
have their own benefits and disadvantages. The most precise 
methods are three-dimensional viscous flow models, which the 
three-dimensional Reynold-Average Navier-Stockes (RANS) 
equations have been solved iteratively. Following are the 
advanced lifting surface methods which solve RANS equations to 
account viscous effects near the solid walls [1]. The next methods 
are the boundary element method (BEM) which generates 
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elements just at the boundary of body which leads to the 
reduction of computing time and cost [2]. Other innovative 
procedures were presented which tend to reduce the cost of 
calculations. Momentum and blade element theory were 
combined to predict the performance of marine propellers 
compared results with those found using RANS equation, 
comparison indicates that simple theories are applicable as well as 
more complicated one [3]. 

The conventional vortex lattice method (VLM) is a subclass of 
the lifting surface method which replaces the continuous 
distribution of vortices by a set of concentrated line elements of 
constant strength [4]. This method was optimized by Olsen 
(2001) and was used by Kinnas and Coney (1988) and Coney 
(1989) for the modeling of ducted propellers [5,6,7]. Moreover, 
Performance analysis of podded propulsors has been made with a 
vortex lattice method [8]. 

Lifting line is another method which utilizes concentrated 
vortices to predict lifting body performances. Lifting line is 
known as a fast procedure with simple formulation, which is used 
for hydrofoils mainly [9,10]. This method is being used as a 
powerful method for studying hydrodynamic behavior near free 
surface [11,12]. 

A combination of VLM and lifting line was presented, which 
uses VLM concepts with the simplicity of the lifting line [13]. 
This method has been used for off design condition and ducted 
propellers separately, they showed good result from this method 
[14,15]. Driss et al. (2012) investigated the effect of multiple 
Rushton impellers configurations on hydrodynamics and mixing 
performance in a stirred tank by CFD code [16]. Recently, Rui 
and Koto (2014) carried out prediction of propeller performance 
using quasi-continuous method [17]. 

The main tasks involved in this method include the panel 
generation, calculation of the induced velocities per unit-strength 
vortices and the obtaining and solving the equations, to calculate 
total thrust, torque and efficiency. In this paper, the 
hydrodynamic analysis of some conventional propellers and a 
propeller-rudder are performed using VLML. Then the results are 
compared with experimental data of other works done.  
 
 
2.0 MATHEMATICAL FORMULATION  
 
Considering a three-dimensional vortex of constant strength ( ߁), 
acting along the entire length of the line describing its path 
through space, the induced velocities are calculated using Biot-
Savart’s law  
 
ሬܸԦ ൌ ௰

ସగ ׯ ௦Ԧൈ௥Ԧ
|௥|య ݈݀           (1) 

 
An element of blade is shown in Figure 1. which ஺ܸ and ்ܸ  are 
the axial and tangential velocities of input flow, ܸכ is the total 
velocity and finally ܨ௜ ௩ܨ ,  and ܨ  are the induced, frictional and 
total force acting on the element, respectively. 

Using Kutta-Joukowski’s theorem induced force can be 
obtained and by suitable resolution of forces, the axial and 
tangential forces are fulfilled. 
 
௜ܨ ൌ  ߁כܸߩ
 

௔ܨ ൌ ሾܨ௜ܿߚݏ݋௜௡ െ  ௜௡ሿߚ݊݅ݏ௩ܨ
 
௧ܨ ൌ ሾܨ௜ߚ݊݅ݏ௜௡ ൅  ௜௡ሿ          (2)ߚݏ݋௩ܿܨ
 

 
Figure 1: Velocity triangles and forces on a blade element. 

 
2.1 Vortex Lattice Implementation 
The lattice is structured in two main zones, i.e. blade zone and 
wake region. Blade zone is modeled by bound vortices that are 
expanded between two vortex points with constant strength and 
radial direction. Wake is made up of some twin semi-infinite 
helical vortices (trailing vortex) with opposite directions, which 
are situated in bound vortices ends (vortex points). Fig. 2 shows 
the lattice explained. The force analysis is performed at control 
points which are determined with cosine spaced. 
 

 
Figure 2: Vortex lattice modeling 

 
2.2 Calculation of Induced Velocities 
The induced velocities are computed at control points, each 
horseshoe vortex induces a velocity at every control point, and 
thus the total induced velocity at control points is computed as 
follows: 
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where ݑത௔
כ ሺ݊, ݅ሻ and ݑത௧

,ሺ݊כ ݅ሻ are the axial and tangential velocity 
induced at the ݊’th control point by a unit-strength horseshoe 
vortex surrounding panel. Whereas the control points are located 
at the bound vortex’s axis, they do not induce velocity at control 
points, therefore the induced velocity at control points are just due 
to trailing vortices as follows: 
 

where ݑത௔ሺ݊, ݅ሻ and ݑത௧ሺ݊, ݅ሻ are velocity induced by a single unit-
strength trailing vortex of the ݅’th panel at the ݊’th control point, 
which are computed using the approximation by Wrench for a 
constant-pitch helical vortex filament as follows: 
for ݎ௖ሺ݊ሻ ൏  :௩ሺ݅ሻݎ
 
,ത௔ሺ݊ݑ     ݅ሻ ൌ ௓

ସగ௥೎
ሺݕ െ  ଵሻܨ଴ݕݕ2ܼ

,ത௧ሺ݊ݑ     ݅ሻ ൌ ௓మ

ଶగ௥೎
ሺݕ଴ܨଵሻ           ,      ሺ݅, ݊ ൌ 1,2, … , ܰሻ   

 
and for ݎ௖ሺ݊ሻ ൐  :௩ሺ݅ሻݎ
 
,ത௔ሺ݊ݑ     ݅ሻ ൌ െ ௓మ

ଶగ௥೎
ሺݕݕ଴ܨଶሻ 

,ത௧ሺ݊ݑ     ݅ሻ ൌ ௓
ସగ௥೎

ሺ1 ൅  ଶሻ                                                  (5)ܨ଴ݕ2ܼ
 
where 

 

 
 
 

 
଴ݕ ൌ ଵ

௧௔௡ఉഘ
                

 
ݕ ൌ ௥೎

௥ೡ௧௔௡ఉഘ
                                                                                 (9)            

 
 
where ߚఠ is the pitch angle of the helical in the wake for the 

vortex points as computed below 

 
where ܲ ൗܦ  is the ratio of the pitch to propeller diameter, this 
equation is fulfilled through several trail and errors. 
 
2.3 Governing Equations 
Based on Prandtl’s thin airfoil theory: 

 

where ݅ indicates the quantities at the ݅’th panel and ܿ is the chord 
 
௘௙௙ሺ݅ሻߙ ൌ ߮ሺ݅ሻ െ  ௜௡ሺ݅ሻ (12)ߚ
 
The following angles can be computed using geometrical 
equations. Replacing the values from the last equations, a 
nonlinear simultaneous equation is obtained with ܰ  unknown 
,ଵ߁) ,ଶ߁ … , ,ேሻ߁  that should be solved iteratively. In the present 
study, Newton's method for systems has been employed to solve 
the mentioned equation. This procedure converges rapidly 
however, in some cases it may be difficult to choose an 
appropriate initial guess. Therefore, steepest descent method 
(SDM) was employed to improve it. 
 
2.4 Propeller Formulation 
Solving the simultaneous equation results to the circulation 
distribution, which eventuate to the hydrodynamic forces. Fig. 3 
shows circulation distribution computed by code for a propeller in 
different operating conditions. The total thrust and torque of the 
propeller is obtained from integrating the elements of axial force 
and torque over the radius. 
 

ܶ ൌ ܼ න ݎ௔݀ܨ
ோ

௥೓

, ܳ ൌ ܼ න ݎ௧݀ܨݎ
ோ

௥೓

 (13) 

 
The hydrodynamic coefficients of the propeller are determined as 

௔ݑ
כ ሺ݊ሻ ൌ ෍ ത௔ݑ ௜߁

כ ሺ݊, ݅ሻ
ே

௜ୀଵ

 

௧ݑ
ሺ݊ሻכ ൌ ෍ ത௧ݑ ௜߁

,ሺ݊כ ݅ሻ
ே

௜ୀଵ

 

(3) 

௔ݑ
כ ሺ݊, ݅ሻ ൌ ,ത௔ሺ݊ݑ ݅ሻ െ ,ത௔ሺ݊ݑ ݅ ൅ 1ሻ 

௧ݑ
,ሺ݊כ ݅ሻ ൌ ,ത௧ሺ݊ݑ ݅ሻ െ ,ത௧ሺ݊ݑ ݅ ൅ 1ሻ 

(4) 

ଵܨ ൌ
െ1

଴ݕ2ܼ
ቆ

1 ൅ ଴ݕ
ଶ

1 ൅ ଶቇݕ
଴.ଶହ

ቊ
1

ܷିଵ െ 1

൅
1

24ܼ ቈ
଴ݕ9

ଶ ൅ 2
ሺ1 ൅ ଴ݕ

ଶሻଵ.ହ

൅
ଶݕ3 െ 2

ሺ1 ൅ ଶሻଵ.ହ቉ݕ ݈݊ ൬1

൅
1

ܷିଵ െ 1
൰ቋ 

(6) 
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ଶ
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ቊ
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െ
1
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(7) 

ܷ ൌ ቌ
௬బቀඥଵା௬మିଵቁ

௬ቆටଵା௬బ
మିଵቇ

݁
ቆඥଵା௬మିටଵା௬బ

మቇ
ቍ                                      (8) 

ఠߚ݊ܽݐ ൌ ቀ1.5 െ ൫ܲ
ൗܦ ൯ቁ ߮݊ܽݐ

൅ ቀ൫ܲ
ൗܦ ൯ െ 0.5ቁ  ߚ݊ܽݐ

(10) 

௅ሺ݅ሻܥ ൌ
௜߁2

ሺܸ௜ሻ
כ ܿሺ݅ሻ ൌ  ௘௙௙ሺ݅ሻ (11)ߙߨ2
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follows: 

ܬ ൌ ௏ಲ

௡஽
்ܭ    ൌ

ܶ
 ସܦଶ݊ߩ

 

  (14) 

ொܭ ൌ
ܳ

ߟ ହܦଶ݊ߩ ൌ
ܬ

ߨ2
்ܭ

ொܭ
  

where ݊ is the rotational speed.  
 

 
Figure 3: Circulation distribution for B4,70,  P/D = 1.0, 

ܣܯܯܣܩ) ൌ ௰
ଶగோ௏ೞ

 ). 

 
2.5 Rudder Formulation 
Rudder can be considered as a simplified propeller blade, which 
is placed in the wake of propeller therefore propeller induce 
different velocity at every rudder panel. For considering the effect 
of propeller blades and wake, the inflow velocity at each rudder 
panel is calculated using super-position. Different terms of rudder 
inflow are classified below: 

• Axial inflow velocity of propeller, ஺ܸ. 
• Tangential inflow velocity of propeller, ்ܸ . 
• Induced velocity due to helical vortices (propeller 

wake). 
• Induced velocity due to bound vortices (propeller 

blades). 
• Rudder’s trailing vortices induced velocity.  

 
 
3.0 PROPELLER’S NUMERICAL MODELING  
 
In this study, to determine the open-water characteristics of the 
propeller, different types of propeller models has been performed 
by means of VLML. Undisturbed velocity ( ஺ܸ) was considered as 
a variable parameter in order to obtain different values of 
advanced coefficient (ܬ) while the rotational speed is fixed. To 
achieve the panel independency of the model, several models 
were created with different panel size. The panels’ size is reduced 
step wisely until the results converged to a same point after a 
specific step. Fig. 4 shows computed hydrodynamic parameters 

versus number of panels. The propeller blade has been divided 
into thirty panels on both radial and chordwise directions. 
Therefore, all panels are for the propeller is about 2700 panels. 
 

 
 
Figure 4: Hydrodynamic performances versus number of panels 
on both radial and chordwise directions 
 

Comparison between VLML results and experimental data is 
given in Fig. 5. As a general indication, the accuracy in the 
prediction of propeller performance using VLML is acceptable, 
which depends on the value of ܬ and ܲ/ܦ. In particular, the best 
results are fulfilled when ܬ is rather close to propeller design point 
(maximum efficiency). In the mentioned region the maximum 
discrepancy from experimental results being in order of 5% in 
prediction of ܭ , ்ܭொ and ߟ. 

Results for ܲ/0.5=ܦ are not as accurate as the other ones found 
for other pitch ratios. Increasing pitch ratio in minimum ܬ region 
causes an increase in discrepancy between calculated torque 
coefficient and experimental data. For ܦ/ܲ  =0.5, the thrust is 
overestimated near minimum ܬ , this trend became inversed by 
increasing pitch ratio. This is due to the difference in operating 
condition of propellers. For a propeller with high pitch ratio 
operating at minimum ܬ in super heavy condition, the 3D effects 
are significant, but in this specific work were neglected.  

The wake is modeled with elaborate helical vortex filaments, 
which are constant-pitch and constant-radius. In a real case, the 
wake angle and pitch are as the function of several parameters 
such as advanced coefficient ( ܬ ), which is neglected. These 
assumptions are for simplicity, but cause an error in the 
performance prediction of a propeller in off-design condition. 
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Figure 5: Open water hydrodynamic characteristics of B:4-0.70. 

 
The most prominent task in this procedure is prediction of the 

wake angle, which used to be calculated iteratively. In this 
method, this angle is related to pitch ratio without iteration, which 
causes precipitation of the calculations, as it can be run in a 
conventional personal computer in a few seconds.  
 
 
4.0 PROPELLER-RUDDER’SNUMERICAL 

MODELING  
 
VLM was applied to predict hydrodynamic performances of 
rudder as a part of propulsion system. Rudders work in propeller 
wake, thus effects of propeller play important role in rudder 
performance. These effects are considered as induced velocity 
behind the propeller. Figure 6 shows induced velocity 
components in different positions, where X is the distance behind 
the propeller. The computed results are validated against 
experimental data carried out by Tamashima et al. (1993), which 
acceptable agreement was observed [18]. Discrepancies are not 
enough acceptable at low radius ratios; this is owing to neglecting 
the hub effects, whereas at higher radius predictions are 
admissible. The main dimension of the propeller-rudder 
(employed by Tamashima et al.) is presented in Tables 1 and 2. 

The axial induced velocity component shows more accurate 
predictions rather than tangential velocity, particularly in 
maximum values. The error is due largely to simplifying 
assumption of helical trailing vortex such as constant-pitch and 
constant-radius. The axial component is the most important one 
for rudder analysis. Fig. 7 shows the contour of axial velocity at 
four distances behind the MP101 propeller. Tangential 
component of induced velocity causes forces on two region of 
rudder (up and down), which neutralize each other due to axis-
symmetrical attributes of propeller’s wake. Thus the obtained 
result of force analysis of rudder in presence of propeller would 
be reliable, (Fig. 8). The results show good agreement in all 
operating conditions except the rudder angles higher than 
30[deg.] and for high advance coefficient 
 which is attributed to cavitation, that is neglected in ,(0.55= ܬ) 
present method. 

 
Table 1: Dimension of propeller models 

Propeller type MP24 MP101 

Diameter [mm] 210 220 
Exp.  Area Ratio 0.62 0.55 
Pitch Ratio 0.89 0.80 
Boss Ratio 0.1888 0.18 
No. of Blades 5 4 

Rake Angle [deg.] -12.03 10.0 
Thickness Ratio 0.0405 0.050 
Blade Section MAU MAU 

 

 
Figure 6: Induced velocity components behind the propeller 
without rudder (MP24, J=0.3) 
 

Figure 7: Axial velocity contour behind MP101 propeller at 
J=0.6; a) X/D=0.05   b) X/D=0.15   c) X/D=0.25   d) X/D=0.35 
 

 
Figure 8: Rudder Lift at different operating conditions in presence 
of propeller (MP101-MR21) 
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Table 2: Dimensions of rudder models 
Rudder Type MR21 

Shape REC 
Span[mm] 240 
Chord [mm] 160 
Type of Section NACA 0015 

 
The total thrust and torque of propeller-rudder system 

calculated using present method. An increase in rudder angle 
causes increase in rudder drag, thus the whole propulsion thrust 
decreases, as seen in Fig. 9. In the present calculations, propeller-
rudder is discretized by 2700 panels for the propeller and 600 
panels for the rudder, totally is about 3300 panels. 
 

 
Figure 9: Total thrust and torque of the whole propulsion system 
at different operating conditions (MP101-MR21). 
 
 
6.0 CONCLUSIONS 
 
In conclusion, a new implementation of the VLML based on 
lifting line was presented, which estimates the wake angle as a 
function of pitch ratio. The prepared code analyzes propellers 
without iteration, which causes reduction in numerical cost and 
time. 

In the case study, four types of different propellers, and one 
propeller along with rudder as a whole propulsion system were 
analyzed to predict hydrodynamic performance using the 
mentioned code. The results were validated against experimental 
data. The following results can be extracted from the 
comparisons: 
• The performance predictions are admissible especially at and 

before design point (the appropriate region for designers) for 
propellers. 

• Present method can be used as a fast method for preliminary 
propeller and propeller-rudder design and analysis, because 
it is inexpensive to run. 

• In the performance prediction of propellers, the results for 
minimum ܬ  and which is higher than design point are not 
acceptable. 

• The source of the above errors within VLML is attributed to 
the poor prediction of the wake angle and neglecting 3D 
effects in this method, which is intrinsically two-
dimensional. 
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